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ABSTRACT

A sequence {u,) of probability measures on the real line is said to converge
vaguely to a measure u if [ fdu, — f fdu for every continuous function f with
compact support. In this paper one investigates problems analogous to the
classical central limit problem under vague convergence. Let ||u || denote the
total mass of u and 8, denote the probability measure concentrated in the
origin. For the theory of infinitesimal triangular arrays it is true in the present
context, as it is in the classical one, that all obtainable limit laws are limits of
sequences of infinitely divisible probability laws. However, unlike the classical
situation, the class of infinitely divisible laws is not closed under vague
convergence. It is shown that for every probability measure u there is a closed
interval [0, A], [0, e '] C[0,A] C[0,1], such that By is attainable as a limit of
infinitely divisible probability laws iff 8 € [0, A]. In the independent identically
distributed case, it is shown that if (x, + - - - + x, )/a,, a, = =, converges vaguely
to u with 0<[ln|l<1, then u = | 8,. If furthermore the ratios a,.,/a, are
bounded above and below by positive numbers, then L(x)= P[|X,|>x] is a
slowly varying function of x. Conversely, if L(x) is slowly varying, then for
every B8 €(0,1) one can choose a, — © so that the limit measure = §,.

0. Introduction

Let u., n =1 and u be nonnegative finite measures on the Borel sets of the

real line. We say that u, —> pu (u. converges to u completely) if for every
bounded continuous function f on the line

(0.1) [ faa [

If (0.1) is required to hold only for f € C,, where C, is the class of continuous
functions vanishing at «, then we say u. converges to i vaguely and simply write
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w.—> . If X is a real-valued random variable on some probability space, we
denote by £(X) its probability distribution function (p.d.f.). The classical central
limit problem concerns the behavior of the p.d.f.s of normalized sums of
independent random variables, or of row sums of triangular arrays with
independent random variables in each row, under complete convergence. Here
we investigate analogous problems for vague convergence.

In the context of sums of independent random variables vague convergence is
more difficult, and arguably less natural, than complete convergence. The basic
reason is that if F, —> F and G, —> G, then F, * G, — F * G, but this is no
longer true under vague convergence. (Take for example F, to have unit mass at
n and G, to have unit mass at —n). Though our prime concern is with
developing the appropriate theory for vague convergence, some of our results
give new insight and approach to the classical, complete convergence theory as
well.

Our main conclusions are as follows. For the theory of infinitesimal triangular
arrays it is true in the vague convergence context, as it is in the classical one, that
all obtainable limit laws are limits of sequences of infinitely divisible p.d.f.s.
However, unlike the complete convergence case, the class of infinitely divisible
p.d.f.s is not closed under vague convergence. Indeed we show that for every
p.d.f. F there exists a nonempty closed interval Kr such that BF is attainable as a
limit of infinitely divisible p.d.f.s if 8 € Kr. We know that [0,e '] C Kz C[0,A]; it
would be interesting to know the right end point of the interval K.

On the other hand, when dealing with normalized sums of independent
random variables with a common p.d.f. F, the situation is quite otherwise: only
for exceptional F can anything more be obtained by vague convergence than by
complete convergence. Indeed we show that if S, is the normalized n-th partial
sum, S, = (X, + - - + X,)/a., with a, — », then £(S,) can converge vaguely to
a nonzero limit without converging completely only if the limit distribution is
concentrated in the origin. If furthermore the ratios a.../a. are bounded
uniformly above and below by positive numbers, then

L(x)=1-Fx)+F(—x—)

must be slowly varying. Conversely if L is slowly varying, for every 8 € (0, 1)
one can choose a; so that the limit law has mass 8 at the origin and no other
mass on the line.

In our discussion of triangular arrays, we develop a notion of centering
introduced by Feller in [2]. As remarked by Feller, this can result in considerable



Vol. 33, 1979 VAGUE CONVERGENCE 319

convenience in the study of convergence questions (either complete or vague).
The details were not pursued by Feller, and turn out to be surprisingly sensitive.

Before proceeding we introduce some notation which will be used subse-
quently.

If F is a p.d.f. we will denote the corresponding probability measure by F
itself. G is a subprobability distribution function (s.p.d.f.) if G = BF, where B is
some real number, 0= 8 =1, and F is a p.d.f. The total variation of G, denoted
by |G|, equals 8 in this case. If 8 =0 we will simply write G =0.

8. will denote the p.d.f. with unit mass at x. F** denotes the k-fold
convolution of the s.p.d.f. F, F**=|F|5,.

For a real-valued random variable X its expectation and variance are denoted
by EX and Var(X). N{(u,o’) denotes the Gaussian p.d.f. with mean p and
variance o’. ch.f. is short for “characteristic function”.

If X is a random variable, its symmetrization °X means X — X, where X and
X are independent and identically distributed. If F is a s.p.d.f., its symmetriza-
tion will be denoted by °F, which means F * G, where G((a, b)) = F((— b, — a))
for every interval (a, b).

A sequence of nonnegative measures (i, ) will be called tight if sup, || u. || <
and for any £ >0 there exists A >0 such that sup.u.({x :|x|> A} <e.

1. A concentration function inequality

If F is a p.d.f. on the line, its concentration function Qg is defined by

0, y=0,
(1.1) Qr(y) =
sup. F(x +y/2)- F(x —y/2~), y>0.

Q¢ is a (right-continuous) p.d.f.

Let X, X3, - -+, X, be independent r.v.s and °X,,°X>, - - -, °X,, the correspond-
ing symmetrized r.v.s. Let S, and °S, denote their respective sums. The
following concentration function inequality is well known, see [4], theorem 2.2 .4,
and will be used later:

n -172
(1.2) Qs (a)= aoa{ > (f x*d°F, + aif d°Fk)} ,
k=1 |x|<ay x|z ay

where a, is an absolute constant and a;, - - -, a. are positive constants less than or
equal to a.

We would like to note two simple consequences of this inequality in the form
of Propositions 1.1 and 1.2.
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ProrosiTioN 1.1. Let X, X;,--- be a sequence of independent, identically
distributed, r.v.s and let S, denote the n-th partial sum. If for some A >0

(1.3) lim supP{{n™"2S,|<A}>0
then EX2<w and EX,=0.

Proor. It is enough to prove E X7 <« because then E X, =0 follows from
(1.3) and Kolmogorov’s strong law of large numbers. We now apply (1.2) to
n"’X,1=k=ntogetfora=a;=---=a,nz1

1.4) Q.- (a)= a0a<f x2d°F)_1/2

|x|<an'?

where F is the p.d.f. of X,. If E X3 = co, then E°X? = and in (1.4) we have the
left side tending to O for every a >0 as n — . This contradicts (1.3), and the
proposition is proved.

The conclusion of the proposition is well known to be equivalent to n™'”S,
converging completely to the standard Gaussian distribution. Let {X,} and {8, }
be as in Proposition 1.1. Let

A, = max | Si], e(n)=(2n/loglog n)"”.

Jain and Pruitt showed [5] that E X, =0, E X} < is sufficient for

o Al 2
1.5) llmnmfgo(n) =1/8 a.s.

Using Proposition 1.1 we can show
Prorosition 1.2, If lim inf,@(n) A, < a.s. then EX,=0, EXi <o,

After we announced this result [6] it came to our attention that Csaki [1] also
observed it.

Proor. Let §(n)=[¢(n)’], where [x] is the greatest integer = x. Assume
the hypothesis of the theorem. Then by the 0-1 law there exists a finite constant
¢o such that a.s.

lim inf —"< = co.
im in o(n) &
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Introduce the following notation:
n' = [n/loglog n]{loglog n],
S0 = Xg-neeyr+ Xg-nueat -+ Xy 1=j =[loglogn],
U=88m+ - +8S%y, Us=0.

Then for ¢ >0,

P[\/%zn—)<c]

A

P A <c]

LV (n)

max ——t= <c]
| 1=j=[loglogn] \/l’/(n)

—max Lq‘-li-Jy‘;’l < 20]
B \/([/(n)

-max ]LJJ_—_IZL:L,. < ZC]
L \/lll(n)

r s9
Lmax \/l//(n) < 20]

To obtain a contradiction, assume the conclusion of the proposition does not
hold. By Proposition 1.1

1A
o~}

A
la~}

A
la~)

fl
=

tim P [ \/5;)("") < 20] =0

and so the above string of inequalities yields
P[ A <c]=0( 12 )
V(n) log’n

By the Borel-Cantelli lemma, A /V(2') < ¢ holds for only finitely many j, a.s.
So for n large, 2’ <n =2'*', one has

Az Avzc VIR 25 VIR 25 Vi,

Choosing ¢ > 2¢, gives the desired contradiction.
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2. Vague convergence and characteristic functions

In the study of complete convergence the characteristic function (ch.f.) is a
very useful tool. In part this is because of the availability of the Lévy continuity
theorem, for which we know of no substitute in the study of vague convergence.
However, the following holds. Let Cx =class of continuous functions with
compact support.

ProrosiTioN 2.1. Let (F,) and (G,) be sequences of s.p.d.f.s and let f, and g.
be the ch.f.s of F, and G, respectively. The following two conditions are equivalent:

2.1 li"mj hd(F,—- G.)=0 forallh € Cx;
2.2) li'ran- h(f.—g.)dx =0 forallh € Cx.

Proor. Let h € Cx. We have

@3) [ 160G )- g0 = [ (A1) - G )

where ¢(t) = h(x)e™dx. The function ¢ € C,, since it is the Fourier transform
of an L' function. Since the total variation of F,— G, is bounded by 2 the
condition (2.1) implies that it actually holds for all h € C,. Therefore (2.1)
implies (2.2). Now the Fourier transforms of continuous functions with compact
support are dense in C,. Therefore (2.3) shows that (2.2) implies that (2.1) holds
for a dense subset of C,. By obvious approximation argument we conclude that
(2.1) holds for all h € C,.
The following proposition also follows by similar argument.

ProrosiTion 2.2. Let (F,) be a sequence of s.p.d.f.s and (f.) the corresponding
sequence of ch.f.s. The following two conditions are equivalent:

(2.4) ,..h.mm_” hd(F, - F,)=0 forallh € Cx;
(2.5) lim | h(f.— f.)dx =0  forallh € Cx.

m,n—»x

3. Vague convergence of convolutions

The basic reason why vague convergence is less tractable than complete
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convergence in connection with problems involving convolutions is that F, - F
and G, — G does not imply F, *G,—» F*xG.If F, = 8,, G. = §_,, then F, >0,
G,—0, but F,*G,— 8. To conclude that F, - F and G,— G implies
F,*G,— F*G some supplementary conditions are clearly required. The
complete convergence of one of the sequences is enough. In the next proposition
we give a more general condition which will be useful.

ProrosiTioN 3.1. If F, > F and G, — G, and for each a >0
3.1 ;P;EL(G" A+a)-G.(A)=0, uniformly in n,

then F,*G, > F*G.
Note that G, — G implies (3.1).

Proor. LetB={(x,y):a=x=bc=y=d}.1{F({a,b})=0,G({c,d})=0,
then it is easily seen that for a bounded continuous function h on R?

62 [[ meynar@dc.0)~ [ hwydF@dco)
Let g be a continuous function with compact support on R', then

f g(2)dF, * G.(z) = f j g(x + y)dF,(x)dG.(y)

B ”@ g(x +y)dF.(x)dG.(y)

" fflxbk g(x * y)('U:"('x)dF‘"()’)

If the support of g is contained in [ — a, a] we can take A — o so that (3.2) applies
to the rectangle |x|= A, |y|= A+ a with g(x +y)= h(x,y). For such A

”xlg g(x + y)an(x)dGn(y)ﬂffM& g(x + y)dF(x)dG(y)

and taking |g| =1 we also have

f,m ” lg(X+Y)ldGn(y)}an(x)éfM (Ga(x + a) — Go(x — a))dF,(x).

Ix

By (3.1) the last expression is uniformly small in n if A is chosen big. This proves
the proposition.
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4. Compactness and normalization

For a sequence (F,) of p.d.f.s the Helly selection principle asserts the existence
of a vaguely convergent subsequence. The tightness condition

4.1 lim (1-F,(A\)+F.(-A)=0, uniformly in n,

is equivalent to the assertion that every vaguely convergent subsequence is
completely convergent. Frequently one is interested not only in the given
sequence (F,) but in normalized sequences G.(x) = F.(a.x + b.), a. > 0, b, real.
It is well-known that if F, — U, and U is nondegenerate, then F,(a.x + b.)
converges completely to a nondegenerate p.d.f. if and only if a, — a >0, b, — b.
(See Feller [2], VIIL. 2, lemma 1.) This result is false for vague convergence. We
will prove the following proposition which will be needed later.

ProrositioN 4.1, If X, X,,--- is a sequence of independent, identically
distributed, r.v.s and S, = 2% _, X, and if £(S./a.)— U#0, U not concentrated
in the origin, then a, —> » and a.../a. —1 as n -,

Proor. If a,—>®, X,/a,— 0 in probability and one obtains at once that
a,i/a. = 1. We now verify that a. — «. If (1.3) holds for some A >0, then by
Proposition 1.1 we have EX; =0 and EX}i<® so that n™"’S, converges
completely to N(0, *), o> > 0. Now if (a.) is bounded along (n, ), then along this
subsequence, for y >0

P{|S./a.|>y}=P{|n""S.|> yan""} =1

since a, /ni>— 0, but this contradicts the hypothesis that £(S./a.)— U. Now
assume that (1.3) does not hold for any A > 0. Then, if (a,,) is bounded, for n,
large

P{{ni"’S. | <A}ZP{la.'S., <A},

which again contradicts our hypothesis.
We will also need the following proposition.

ProposiTion 4.2. Let (F.) be a sequence of p.d.f.s, F, — F, F nondegener-
ate. Suppose F,(a.x + b,)—> G#0, liminfa, >0, then |G| =1, and if G is
nondegenerate then G(x)= F(ax + b), a, —> a and b, = b.
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Proor. If a, —> « along n, then F.(a.x)— 8, along n, since (F,) is a tight
sequence. Therefore F,(a.x + b,)— G#0 along m if and only if b./a. con-
verges to a finite limit along n.. Thus G is degenerate in this case and |G| = 1.
We may therefore assume 0 <8 =a, = A <. In this case F,(a.x) is a tight
sequence, hence F,(a.x +b,)—> G#0 implies (b,) must remain bounded.
Therefore F,(a.x + b.) is a tight sequence and its vague convergence to G is
complete convergence. The rest follows from our remarks before Proposition
4.1.

5. Vague convergence of infinitely divisible laws

We recall that a p.d.f. F with ch.f. ¢ is infinitely divisible if and only if

. 2
(5.1) log¢(u)=iua+f <e‘“—1—11";2)1;j‘ d¥(x)

where « is real and ¥ is a nonnegative multiple of a p.d.f. We shall write
(5.2) log ¢ = (o, ¥), F =[a,¥].

A sequence ({a,, ¥.]) of infinitely divisible p.d.f.s converges completely if and
only if a, = a, ¥, — ¥, and then the limit is [, ¥]. Nothing that nice holds
for vague convergence. However, we get the following proposition.

ProposiTiON 5.1. Let F, = [a,, ¥.], n = 1, be a sequence of infinitely divisible
p.d.f.s. If there exists an infinitely divisible p.d.f. F = [a, ¥] such that

(5.3) a, = a,
(5.4) ¥, V,
(5.5) [, ]— Ao <o,

and given a >0, as A >« (or A - — ®)

(5.6) Y, (A+a)-¥.(A)—0, uniformly in n,
then
(5.7 F,—eF,

where vy = Ao—||¥|l. If (5.6) is not assumed and F,— H, then H([a, b])=
e "F((a, b)) for each finite interval (a,b).
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Proor. For B >0 we define ¥4 by
(5.8) YAA)=V¥.(AN(B )

for a Borel set A. ¥;® and V% are defined similarly by replacing (B,) by
(—o, —B) and [~ B, B], respectively, in (5.8). We then have

(5.9) (@ ¥.] = [0, ¥, 7] * [ an, TE] [0, ¥2).

If — B, B are points of continuity of ¥ then clearly [a., ¥&] —> [o, ¥*], where

WP ¥# and ¥ are defined analogously to ¥, as in (5.8). We can thus find
B. — o such that =B, are points of continuity of ¥ and

(5.10) [, ¥l ] — [, ¥].

The following lemma will be used to finish the proof.

LemMa 5.2. Under the conditions of Proposition 5.1, writing G&=[0,¥%],
and assuming (5.6) for A —> =, for a >0 we have

(5.11) },‘fl Git+a)-Gi1)=0, uniformly in n and t;

and for 8 >0

{exp(—)\n(B)), m.(B) <x <+ m.(B),
(5.12) Gi(x)=
0, x <m.(B),

where

613 ne)-[ v, me-[

X

x
1+ x?

d¥i(x).
Analogues of (5.12) and (5.13) hold for B <0 as well.

Proor oF LEMMA. Let
dH%(x) = A.(B) (1 + x)x2d ¥E(x).

Then H, = H?% is a p.df., and

(5.14) G¥x — mu(8)) = exp(~ 1,(B)) 3, 2B ),
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(5.12) follows from this immediately. By (5.5} we have
(5.15) };ifl m,.(B8)=0, uniformly in n.

For t >0, a >0, B8 large (so m.(B)=1)
Git+a)- G =G t+a+1-m. (B))— Gt — m.(B))

0 k
=@ A—"fé,lmﬁk(r +a+1)-Hi ()
k=0 :

oo k
= e-me)kz A"_I%['il Ou,(2a +2).
By the definition of H% we have

Qu.(2a+2)= )\,‘(B)"l—;‘?jsup(‘lfn(x +a+1)=V,(x)).
x>B

Therefore

Gt +a)= GH) = (e~ 1)z (B)—Bﬁ—sup(qfn(x +a+1)-V.(x)).
x>8

This together with (5.6) implies (5.11).
To finish the proof of the proposition we will apply the lemma with 8 >0 and
its analogue with 8 <0. We have

(5.16) (8= = 08 = 5B, (8, 9),

and a similar inequality holds for — B.. We now pick B, — « such that (5.10)
holds. By (5.5) and (5.16) every sequence has a further subsequence such that
(5.17) MB)= v, A= Bu)— v

where the limits individually may depend on the subsequence but they satisfy
(5.18) yity2= Ao~ [ ¥].

It thus follows from (5.12) that every sequence has a further subsequence along
which

(5.19) G — e 8, G P~ e ™8,
We now apply (5.11) to use Proposition 3.1 to conclude

(5.20) Gk G P> e ™8, = ¢778,.
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One more application of Proposition 3.1 shows that every sequence has a further
subsequence along which

G| an, \_I-’f.’"] * G P> e 6% a, V],

and this means the whole sequence converges to the desired limit. This proves
the first part of the proposition. For the second part, if @ <b, then, writing
G = [a,, V5], we have

F.(a,b))= G&(a + &b~ e])G';'»([ —gg]) G;"n([ - g%])
(5.10) and (5.19) still hold even if (5.6) does not, therefore
lim inf F,([a, b])= F(la + &, b —e})e””

provided a + ¢ and b — ¢ are continuity points of F. It follows that
H([a,b])= e "F((a, b)).

The following result is now obvious.

THEOREM 5.3. Let F, =[a, ¥.], n =1, be a sequence of infinitely divisible
p.d.f.s. Suppose (a,) and (|¥.|) are bounded sequences and condition (5.6)
holds. Then (F,) converges vaguely if and only if &, > a, ¥V, >V, | ¥, | = | ¥ +
Y, and then F, — ¢ [a, ¥].

REMARK 5.4. The condition (5.6) clearly holds if the measures ¥, are all
concentrated on a half-line [a,©) (or on (—,a]).

The class of infinitely divisible p.d.f.s is closed under complete convergence.
The closure under vague convergence is not precisely known. The next theorem
shows it is extensive.

THEOREM 5.5. For any p.d.f. H and any B8 € [0,e7"], BH is the vague limit of
a sequence of infinitely divisible p.d.f.s. The set of all such B is a closed interval.

Proor. Let F,(x)=H(x+n), and for A 20

3

U.(u)= )\f (e™ — 1)dF, (x).

-

Then
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on(u)=exp{¢n(u)+iun}
is the ch.f. of a p.df. G, which is given by

L e—)«Ak
Ga(x)= ‘(20 1 Fr(x—n).

Evidently

F*—>0 as n—~ for k=0,1,2,---
and

G.— Ae *H.

* is [0, e '], the first part of the theorem is

Since the closure of the range of Ae”
proved.

ReMARK 5.6. (a) Evidently a p.d.f. H will be the vague limit of a sequence of
infinitely divisible p.d.f.s if and only if H is infinitely divisible. For any p.d.f. H
there exists a compact interval K, such that BH is in the vague closure of
infinitely divisible p.d.f.s if and only if 8 € K. Theorem 5.5 says that [0,e7'] C
Ky Example 5.7 below shows that max Ky can be as close to 1 as desired.

(b) The proof of Theorem 5.5 shows that for [a,, ¥.] to converge vaguely (to
nonzero distributions) the sequence (. ) need not stay bounded. If one demands
that («.) stay bounded then the class of vague limits is smaller. In this connection

the following example is of interest.

ExampLE 5.7. Let A >0and ¥, = A8... + Aé_.. Then [0, ¥,] — F, where F is
concentrated on {0,1,2,---}, F{0D)=¢">, F({k})=e A% /(k!)’. F is not a
constant multiple of an infinitely divisible p.d.f. Also || F || can be made as close to
1 as desired by taking A small.

6. Triangular arrays

Consider the classical setup of triangular arrays: X, 1=k =k, n=1,2,---,
Z(X.)= Fu. The random variables in each row, indexed by n, are assumed
independent. The array is called infinitesimal if given £ >0

(6.0) lim sup P[|Xu|>e]=0.

noe 1 =k=k,

Let S, =3, X, denote the n-th row sum. An excellent exposition of the
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classical results on complete convergence of £(S.) is given in Gnedenko and
Kolmogorov [3]; our emphasis here is however closer to that found in the
discussion by Feller [2]. In the following subsections we will discuss the vague
convergence of Z(S,).

6a. Centering of triangular arrays. Let (X.) be an infinitesimal triangular
array. In working with such arrays it is frequently convenient to center them by
introducing constants a. and working with (X« — a.). The traditional choice
for the a.. are the truncated means. In [2] Feller observed that the a.« should be
picked to satisfy the relation (6.2) below. It turns out that in studying vague
convergence such a choice is very useful. Somewhat surprisingly the traditional
choice of truncated means may not fulfill this condition. However, choosing the
a,. S0 that X, — a. has zero truncated mean, for some truncation point, is a
good choice, as we will show.

For ¢ >0 define

(6.1) B (€)= f; | xdF, (x).
x|=c

The array (X ) is said to be centered if for some ¢ >0

kll

> Bulc)
(62) gn(c)= - k=1 _)0 as n — o,

x°dF 4 (x)
k=1 Jlx]sc

Lemma 6.1 shows that if the array is centered for some c, then it is centered for
all larger c, while Lemma 6.3 shows that one can always find constants d,. such
that (X. — d.) is a centered array.

Lemma 6.1.  If for the infinitesimal array (X.i) the condition (6.1) holds for
some ¢ >0, then it holds for all ¢’ = c.

Proor. We have

Bu(c') = (B..k (c)+ j xdF,,,()2

c<|x|=¢’

gzﬁnk(c)uz( f xank)z

c<|x|=c’

=2Bu(c)+2 x*dFu P[| X |>c].

c<|xf=c’
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Therefore
> Bu(€P =22 Bulc) +26.5.
k &k

where

6. = max Pl X |>c], 8. = Ek: f x*dF .

c<|x]|=c’

We thus have
L(c)=2L,(c) + 26,

Since 6, — 0 by infinitesimality, the lemma is proved.

REMARK 6.2. (a) It is not true that if (6.2) holds for some ¢ >0, then it holds
for all ¢ >0.

(b) Surprisingly, it is not true that if (X..) is an infinitesimal array then
(X — Bu) is necessarily centered. Consider X, 1=k =n, n=1,2,--- with
P(Xu =n]=n"", P[Xu=n""=1-n""

(c) Constants 8, can be found such that (X. —8..) is centered and
f)x)§cxank (X + 8.4)=0.

LemMma 6.3. If (X ) is an infinitesimal triangular array and constants d.. are
defined by

{6.3) f’x'gc (x —dw)dFu(x)=0

for some ¢ >0, then the array (X — d.) is a centered infinitesimal array for
which the analogue of (6.2) holds for all ¢’ > c.

Proor. Let X, = X — du and Fl(x) = Fu(x + du). Let {;, be defined by
(6.2) in terms of F.. We need to show that {.(c'}—0 as n —> o for all ¢'>c.
Since (X, ) is infinitesimal, d.. — 0 uniformly in k as n — o, therefore (XLk) is
also infinitesimal. We have

[Bu(c)|=

f’ (- du)dFu(®)
x—duyl=c

and using (6.3) we get

Biule)]= [ 1% = d | dFou (x)

[—e—c+d JUlcc+dy ]
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where [a, b] is to be interpreted as [b, a] if b < a. Hence for n sufficiently large

Bu(c¥=16c*yi
where

Yrk = Fnk([_c> _C+dnk] U[C,C +dnk])-

If ¢’ > ¢, then for n sufficiently large, we also get

2

f X2dFh(x)Z < yu.
|x]=c’ 4

Since v — 0 uniformly in k it follows that

g (Bulc))’
2 xzdF,’,k(x)_ Ek: Yok

Ixf=c’

2 Yik
64-=

-0

as n — ., To finish the proof observe that

2
> (f xdFI.k> 2> (Ple<|Xul=c)
k c<]x]=c’ = k _>O
x*dF}, D Ple<|Xu|=¢]
k

k Ix]=e’

as n — . Therefore {.(c')—0 for ¢'>c.
The next proposition gives a tightness criterion for centered arrays that will be
needed.

PropoSITION 6.3a. Let (X..) be a centered infinitesimal array and S, its n-th
row sum. Then (£(S.)) is a tight sequence if and only if we have

2
() Slipg f—_—lixzdF""(x)<°°
and
(B) 1im2 Pl Xw|>A]=0 uniformly in n.
—>00 k

Proor. The proof is essentially the same as the proof of lemma 1 [2], p. 299.
The condition (7.3) in [2], p. 229, becomes the condition that for some ¢ >0

sup[E L - xzdF,.k(x)—g (j, - xdF,.k> ]<oo.

k
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Since the array is centered, we can find ¢ > 0 so that this condition is equivalent
to the condition

sup >, x2dFu (x) <o,

k |x[=c

This condition and () are clearly equivalent to («) and (B8). But (8) corresponds
to the condition (7.4) [2], p. 299. This completes the proof.

6b. The dissipative property. Let (F,) be a sequence of p.d.f.s. The sequence
(F.) is called dissipative if

(6.4) F.(-+ b,)—0, for every real sequence (b, ).

A sequence of random variables (X, ) will be called dissipative if the sequence
(£(X.)) is dissipative. Note that (6.4) is equivalent to

(6.5) lim QO (y) =0, for every real y.

We now give a necessary and sufficient condition for a triangular array to be
dissipative. The result will be used later.

ProposITION 6.4. Let (X..) be a centered infinitesimal array and let S, be the
n-th row sum. Then (£(S,)) is dissipative if and only if

k, 2
(6.6) lim 3, f if—xz dF (x) = .

This proposition will also be used in the form of the following corollary which
is an immediate consequence.

COROLLARY 6.5. Let (X.) and S. be as in the above proposition. Then
(£(S.)) does not possess a dissipative subsequence if and only if

k, 2
6.7) sup 2 f I—_T_—xzdF,.k (x) < oo,

ProOF oF ProposITION 6.4, Assume (6.6). Let °F,. be the symmetrization of
F... Then for ¢ >0
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[ xaFaew= [ lx=yPdFa)dFa()
Ixt=c |xi=c/2

lyl=c/2

=2 f L XdFu(x)dFu(y) 2 ( L xdFoy (x ))z.

lyl=cs2

x|=c/2

Since the array is centered, for some ¢ >0 we have

S ([ stn0)) =0(Z [, wtFue)).

k

Therefore, using infinitesimality, we have for some ¢ >0 and all n large

> x2dF. (x)= D, j x*d°Fu(x).
k Ixl=c

Kk Jix|=er2

It follows that (6.6) implies

. x> .
hnmEk: J’ 1+x2d Fu(x)=o

which is equivalent to

6.8) 1@(2 [ fl R NONS f

Ixl=>e

d°F (x)]) =

for all ¢ >0. Therefore the concentration function inequality (1.2) implies that
Z(S,) is dissipative.

Now assume that (6.6) does not hold. Dropping to a subsequence, if necessary,
we assume that

x2
(6.9) Sl:p zk: J 1+ 12 dF . (x) <oo.

We will show that this implies £(S.) is not dissipative. Let ¢ >0 such that (6.2)
holds and let

[a—
nk —

{X,,k if |[Xul|=c,
0 lf [Xnk ‘ > C,
= X — X

S:=3, X and S =2, X'n. For A >0 we have
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P[|S.|=A, S.=0]=P[|S.]=A, $7=0]
=ZP[S,=0]-P[|Si|>A]

12

> p[s;=0] - EG2) f;

by Chebychev’s inequality. Now E(S.?) = Var(S;)+ (ES.)*= 22 E X for all
large n since the array is centered. Therefore by (6.9) we have sup, E(S,?) <,
and for A large

(6.10) P[lS,.léA]é%P[S’,C=0]=%l:[ P[| X | > c]

and the last quantity in (6.10) is bounded away from zero as n — « because
sup. = P[| X | > ¢] < by (6.9). Thus £(S.) cannot be dissipative.

We will need the following lemma. The condition (6.12) which we find below
occurs frequently in classical work on the central limit problem; Theorem 6.7
indicates why this should be so.

LEMMA 6.6. Let (F,) be an infinitesimal triangular array. Let (B.) be
constants satisfying (6.1) and let (d..) be defined by (6.3); both sequences are
defined for the same ¢ >0. Then the following two conditions are equivalent:

x2
(6.11) S\;l‘pg f ‘1+—x§ank(x + d ) <05
x2
(6.12) Slip ; f lT?ank (x + B ) < oo,
ProOOF.

2 + 5 _dn 2
J’ﬁdm(ﬁdnk):f lix(xfgk_;)k)zdﬂk(x+B,‘k)

2

<< X _ 2
=2f 1+(x + Bk _dnk)Zank(x +Bnk)+2(ﬁ"k d"k) )

Since B — 0, du — 0 uniformly in k as n — o, the first term to the right of the
inequality can be dominated by

xZ

. TR G B Y2 ] R )
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for £ >0 and n sufficiently large. By (6.12) this last estimate summed on k is
bounded in n. We now look at (B ~ dw )

(Bnk — du )2 = dikoik,

where

o= [ dFu(®)
[x|>¢
=f dF,,k(x +B"")
|x+ B |>¢
éf dF,.k (x + Bnk)
|x[>c/2

for n sufficiently large, uniformly in k. Therefore again by (6.12) we have
SUPE df.k(?f.k<°°
n k

Hence (6.12) implies (6.11). The same argument with the roles of 8. and d.
switched shows that (6.11) implies (6.12) and the lemma is proved.

THEOREM 6.7. Let (X..) be an infinitesimal triangular array and let S, be the
n-th row sum. Then £(S,) possesses no dissipative subsequence if and only if
(6.12) holds.

ProoF. Let B and d be defined as in Lemma 6.6. By Lemma 6.3 the array
(X — du ) is centered. £(S,) does not possess a dissipative subsequence if and
only if £(S,—Z«dw) does not. By Corollary 6.5 this is equivalent to (6.11),
which in turn is equivalent to (6.12) by Lemma 6.6. The proof is complete.

The following theorem will now be obtained as a corollary.

THEOREM 6.8. Let F,=[0,V¥,], n=1, be a sequence of infinitely divisible
laws. Then (F,) is dissipative if and only if |¥,|— .

To avoid centering difficulties we establish the following lemma.

Lemma 6.9. (a) (F.) is dissipative if and only if (°F.) is dissipative.
(b) If (¥.) is a sequence of measures on the real line and
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"L (A) = F(W(A) + Fa(~ A))

where — A ={x; —x € A}, then

1W,l|— o if and only if | *¥.. || = .

Proor. (b) is obvious. Also
QF‘ché Qﬁy i=1,2

where F, and F, are any p.d.f.s. Therefore if (F,) is dissipative so is the sequence
(°F,). If (F,) is not dissipative then along a subsequence we have

f dF.(x)Za >0

ix—b,i=a

for a suitable choice of b, and a. But this implies (along the same subsequence)
f d°F,(x)Z a >0
|x|=2a

hence (°F,) is not dissipative.

ProoF oF THEOREM 6.8. Note that °F, = [0, *¥, ], where *¥, is defined as in
Lemma 6.9. It is clearly enough to prove the theorem for (°F,). Let

° nk — [0,%*‘\11‘"]'

Let
V.. (dx)= kﬁ}'i d°Fu(x).

Then we know (see, e.g. [3], pp. 76-78) that

(6.13) P, (dx)—> *¥,(dx) as k>
and
(6.14) °F*k=°F,,

If |*¥, |-, we can find k. — o such that

2

"\i,n.k,. ” = knJ’ lf_xz do nk, —>®
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and the triangular array (X, 1=k =k..), L( X)) =°For, 1=k =k, nz=1,is
infinitesimal. It follows from Theorem 6.7 that (°F,) is dissipative. Conversely if
(°F.) is dissipative, we define the infinitesimal triangular array as above. Then by
Theorem 6.7 we must have || ¥,,_||— , but the k, can be picked so by (6.13) we
also have || *¥, | —» . This finishes the proof.

6¢c. Accompanying infinitely divisible laws. In the theory of complete
convergence for triangular arrays the so-called accompanying infinitely divisible
laws have been effectively used. Specifically, let (X.) be an infinitesimal
triangular array and let S, be the n-th row sum. Let f, be the ch.f. of S,. It was
shown by Gnedenko ([3], p. 112), under assumption (6.12), that there exists a
sequence (g,) of ch.f.s of infinitely divisible laws such that f, — g, —0 as n >,
so Proposition 2.1 is applicable. The g, can be explicitly written down, and
Gnedenko’s result is a key theorem in the central limit problem. Of course the g,
are not uniquely determined by the requirement f, — g, — 0. Indeed, the great
convenience of centering is the possibility of choosing g. in a simpler, more
convenient form.

TueEOREM 6.10. Let (X.) be an infinitesimal triangular array, and (b.) a
sequence of real numbers. Let S, denote the n-th row sum. If £(S.) does not
possess a dissipative subsequence, then

(6.15) lim|E e n—e¥| =0, ureal,

where

(6.16) U, (u)= §k‘, UB + ; f (e™ — 1)dFu (x + Buk)
and

B = j xdF,. (x) forsomec >0.
|x|=c

In any case, 4(S, — b.)— F if and only if F, — F, where F, is the accompanying
infinitely divisible law whose ch.f. is given by exp(W.(u)— ib.u).

Proor. By Theorem 6.7, if (£(S,)) does not possess a dissipative subse-
quence then
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2
6.17) supg f 1i—x2ank (x + Bu) <.

If (6.17) holds, then as shown in [3], §24, we get (6.15).

For the second part of the theorem, assume (6.17) first. Then by Proposition
2.1, using (6.15), we conclude that £(S, — b,)— F if and only if F, — F. Now
assume that (6.17) does not hold. Then by Theorem 6.7 a subsequence £(S,,) is
dissipative, hence £(S,, — b, ) is dissipative, and if £(S, — b,)— F then F =0.
We need to show that F, — 0 in this case. If not, then along a subsequence (m;)
the sequence (F,) converges to a nonzero limit, in particular (F, ) is not
dissipative. Since F, = [a., ¥,] with

2
al= S [ i dFu + )

and a, suitable constants, it follows from Theorem 6.8 that (6.17) holds along
(m;). But this implies (6.15) along (m;) by the first part, hence F, —0, a
contradiction. Also, if (6.17) does not hold and F, — F, then by Theorem 6.8 a
subsequence (F,,) is dissipative, therefore F = 0. That (S, — b,)—> 0 in this case
is proved by contraposition as above except that Theorem 6.7 is applied in place
of Theorem 6.8. This finishes the proof.

When (X..) is centered and infinitesimal, the accompanying laws can be given
a simpler form.

THEOREM 6.11. Let (X, ) be a centered infinitesimal array. If £(S.) does not
possess a dissipative subsequence then (6.15) holds with s, defined by

(6.18) 0ni)= 3 [ (e = DdFu ).

In any case, £(S. — b.)— F if and only if F, — F, where F, has ch.f. exp (i, (u) —
ib.u).

Proor. If £(S,) possesses no dissipative subsequence, by Corollary 6.5

2
(6.19) supg f T:—xzank(x)<oo.

We will show that (6.19) implies

(6.20) lim |E e — exp (¢ (u))| = 0.
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The rest of the assertion of the theorem follows by arguments similar to those
given in the proof of Theorem 6.10. We will therefore show only that (6.19)
implies (6.20). Let ¢.. be the ch.f. of F,. Then it suffices to check that (6.19)
implies

6.21) li"m Z log @u (u)— g (e{u)—1)] =0, u real

We, of course, will need the fact that the array is centered. For convenience we
write

auc(U) = Qu(u)—1.

Note that by infinitesimality max,a. — 0 uniformly on bounded intervals,
therefore log . (u) is well-defined for n sufficiently large. For u fixed and n
sufficiently large

Z logfpnk(u)—; )| =S i | o ()

k=1 r=2 r

(622) =53 lam ()1~ faw

Now

@)= | [ € = DdFux)

=

+

I (e™ — 1 - iux)dF.(x)
|x]=¢

fx (e™ — 1)dFu(x)
x|>c

+ul

j xdF (x)
x|=c

2
éy—f xzank(x)+2[ dF (x)+|ul
Ixl=c x]>¢

dF,
2 Lx]éc x g (x )

For u and ¢ fixed, we denote the sum of the first two terms on the right-side of
the last inequality by y. and denote the third term by .. Thus

la,,k (u)l = Ynk + 5,.k.
We write

2 (@) = 2 faw '+ 2" Lo

k

where ' is the sum on [k: v = 8. ], and 2" is the sum of the rest of the terms.
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Therefore

2,:’ ]a,.k(u)!zém’?xla,‘klz' Iankl+42 8k

§2m,§x|ank|§k: Vo +42k, 82

Now Z,v. is bounded by (6.19), and Z, 8 = 0 (Zi v« ) since the array is
centered. It follows that =, |au (u)]*— 0 as n — © and (6.21) results from (6.22).
The following corollary is obvious.

CoRrOLLARY 6.12.  The class of s.p.d.f.s. obtained as vague limits of infinitesi-
mal triangular arrays coincides with the class of s.p.d.f.s obtained as vague limits
of infinitely divisible p.d.f.s.

ReEMARK 6.13.  Although our concern is with vague convergence here, it
should be noticed that centering brings great convenience in dealing with
complete convergence as well. If ¢, is given by (6.18) then exp(¢.) is the ch.f. of
|etn, ¥, ] where

- X
C'"‘gf 17 x2 dFw(x)

and
x2
W (dx) = 2 7552 4P ().

By Theorem 6.11 and Proposition 2.1 it follows that £(S, — b,)—> [&, ¥] if and
only if @, — b, > & and ¥,, — W¥. In other words, it eliminates the usual bother
at the origin, c.f. condition 2), theorem 1, §25 [3].

7. Independent identically distributed summands under vague convergence

In this section X, X,,--- will be independent random variables with a
common d.f. F. (a.) and (b,) will denote sequences of real numbers with a, >0,
a, —=. We then have an infinitesimal triangular array defined by

p.c

(7.1 X a
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As shown in Feller [2], the array is centered if E X, exists and equals 0 or
E Xi=x. As before we will write

(7.2) 8. =2 Xu.
k=1

Necessary and sufficient conditions on F for the existence of sequences (a.) and
(b,) so that Z(S,—b,) converges completely are well known; when such
normalizing sequences exist, the limit laws are stable. Under vague convergence
(when positive mass is allowed to escape) the situation essentially is that L(x)
given by

(7.3) L(x)=1—-F(x)+F(-x-)

is slowly varying near infinity as we now proceed to show.

ReMARK 7.1. By Theorem 6.11 if the array is centered we may take [a.,, ¥.]
as the accompanying infinitely divisible laws of S,, where

X
(7.4) a, = L 17 2 9F(ax)
and
x2
(7.5) dv,.(x)= TR dF(a.x).

ProposiTION 7.2.  Suppose L is slowly varying and along n; 7/ © we have
nL(a,)— A >0. Then a,, — 0 and £(S., ) — e *8,, where a,, is given by (7.4).

Proor. For convenience of writing we will prove the proposition for
(n) in place of (n;). The proof is valid along any n; 7. For ¢ >1

la,.lén([mgc ledF(a,.x)+f TI%L—ZdF(a,.x))

|xj=c

=L |x!dF(x)+gL(ca,,)

- an x)=ca,

= —an: ( - ca.L(ca,)+ J:an L(x)dx) + g L(can)

2A
S
c
by using the slow variation of L and the fact that nL (a.)— A. This shows that

a, —0.
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Since L is slowly varying, E X7 = and (X.«) is a centered array. We have
a, — 0. Therefore by Remark 7.1 it suffices to show that [0, ¥,] — e *8,, where
V¥, is given by (7.5). For 0<y <z

V(5. 2]+ ¥u(( - 2 —y))énj(m dL(a.x)

= n[L(a.y)— L(a:z)]—0,

and also

v, (- y,y1)<n[H x*dF (a.x)

=yap

= f x*dF(x)
[

=22y a,,L(ya,,)+2f )’L()’)d)’]

Therefore ¥, — 0. Furthermore for ¢ >0

2

2
Nal=n|  EadF@ate] R

[c]1+x

2

+nj'( - 1+ —— dF(a.x)

and the middle term on the right goes to 0 as n — « by the above argument; the
sum of the remaining two terms is near nL(ca,) uniformly in n. Since
nL(ca.)— A, it follows that | ¥, ||— A. To apply Proposition 5.1 it remains to
verify that ¥,(¢t +1)—V¥,(t)— 0 uniformly in n as t - for [ >0. For t >0,
1>0

U, (t+ D)=V ()=V (Lt + 1)+ (=1 —1))
=< n(L(axt)— L(a. (¢t + 1))).

For a slowly varying function L the ratio L(xt)/L(x)->1 uniformly in ¢ on
compact intervals as x — ; using this fact the last term is seen to tend to 0
uniformly in n as t —c. This finishes the proof.

ProrosiTion 7.3.  Suppose 0<a|= an.i/a. = a; <% for all n, and that for
some A >0 and real b,
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(7.6) L(S. — b.)— e by,
then L is slowly varying near infinity.

Proor. The hypotheses imply that E X?=, hence the array (X.) is
centered. By (7.6) £(S.) is not dissipative, therefore by Theorem 6.11 and
Remark 7.1 we have

(7.7) [an + b, V] > €78

where a, and ¥, are given by (7.4) and (7.5), respectively. For 8 >0, in the
notation of Proposition 5.1, we have

(7.8) [Gn + by, W72] %[0, ¥E] %[0, T2] — € *5,.

We claim that [[¥8|—0. If not, then along a subsequence ¥f—— ¥ with

[¥( >0 because these measures are concentrated on [~ B, 8]. Then along a
further subsequence we have

[0, 5] — F
and

[a+ b, ¥ A]x[0, V8] - G.

By Proposition 3.1 the convolutions in (7.8) converge to F * G vaguely, where F
is a nondegenerate infinitely divisible law. This contradicts the fact that the limit
in (7.8) is e 3,. It follows that ¥, — 0. In particluar, for y >0

(7.9) nj x*dF(a.x)— 0.
|x|=y

Now for 0=z =y

nf xzdF(a,.x)=—r%f x*dF(x)
lx]=y a |x]=ya,

n

—%j x*dF(x)
an a,z <|x|=a,y

1%

> % (L(anz)— L(a.y)),

hence the last expression tends to zero. Also

2

x2
(7.10) 1. [ = anlsy lixzdF(anXH HLM T3 52 4F (ax).
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If |¥,||—0, then ¥, — 0 and (7.7) can then hold only if &, + b, =0, A =0, a
contradiction. For the same reason || ¥, || cannot tend to zero along a subse-
quence. Therefore | ¥, || = a > 0 for all n. By (7.9) and (7.10) we then conclude
that since

2
nf, ’ l—j_—x2dF(a,‘x)§ nL(a.y)
x|>y

the quantity nL(a.y) is bounded away from 0. Therefore, if 0=z <y

n(L(a.z)— L(an)’))_,o
nL(a.y)

which together with the boundedness condition on a.../a. implies that L is
slowly varying near .

ProrosiTiON 7.4. If h is a right-continuous, decreasing function on [0, %)
which is slowly varying near «, and h(x)— 0 as x — », then given A >0 there
exist 0<a, 7 such that nh(a.)— X as n —> .

Proor. Let

a, =inf{t: h(t) < A/n}.
Then h{a,)=A/n by right continuity, and h(a.—)= A/n. Since
h(a./2)/h(a.)— 1, we have nh(a.)—> A.

PrOPOSITION 7.5. Suppose £(S. — b,)— G with 0 <| G || < 1. Then there exist
constants ¢, >0 and b}, such that ¢, — ®, c.i/ca = 1, and L(S.— b1)—| G|,
where S, = S./cn

Proor. Let 6 =||G|. There exist n; ” ®, 0 <¢ —0, such that for n = n,

(7.11) [(1—0)-P[|S. - b.|>]]|=¢
and
(7.12) [(1-6)~P[S.-b.|>j+1}|=e,.
Define

c,’.=j+—n;ﬂL, n=nz=n..

Rjv1— B
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Then ¢,/ », and ¢../c.— 1. For n, =n = n;,,

(7.13) P{|S.— b,|>j+1]=P[|S.~ b,|>cl]=P[|S. - b.|>]].

Let ¢, = ¢*?, b.= b,/c., then for £ >0

P(IS.— b= e]=P[|S. — b.| = ec.],
hence

liminfP[|S.—b.l=¢]= 0.
Also, by (7.11)+(7.13) we have for any a >0
lim infP[|S.—bijz=alz=1-6.

It follows that

L(S,~ bl)—> 85.

Israel J. Math.

THEOREM 7.6. (i) Suppose 0< @, = Gn11/an = a2 <, and for some (b,)

(7.14) (S, -b)>G, 0<|G|<1.

Then L is slowly varying.

(i) If L is slowly varying and (7.14) holds, then b, —b and G =[G ||5..
Furthermore, given 0 < 8 < 1, if (a.) is picked to satisfy nL(a.)—> —log B (which

is always possible by Proposition 7.4) then

g(g X.-/a;)—>350.

Prooe. By Proposition 7.5 we can find ¢, /®, Ciu/c,—>1 such that
£(c:'(S. — a.))—| G| 8. The boundedness condition on (a.) also holds for
(cxax), and by Proposition 7.3 we conclude that L is slowly varying near infinity.

This proves (i).

We now proceed to show (ii). Since Z(S,) is not dissipative along any

subsequence, Corollary 6.5 implies
x2
(7.15) sup n[ T3 dF(a.x) <,

which shows that

(7.16) nL(a.)=c <, nzl
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We will now show that (b,) is a bounded sequence. If not, assume that b, —>
(the case of — = is similar), and write

S, — Cn

(7.17) S.— b, = - b,

where ¢, = a.b,. Since we may assume c., > a.,, we have n.L(c, )= c by (7.16).
Hence along a subsequence of (1) one gets nL{c,)— A = 0. By Proposition 7.2
along this subsequence ¥(a,S./c.)— e 8o, and by (7.17), given that b, — «, we
have £(S. — b,)— 0 along this subsequence, which contradicts (7.14). It follows
that (b,) is a bounded sequence. It is now clear from (7.14), (7.16) and
Proposition 7.2 that the sequence (b,) must converge to a real number b. The last
part of assertion (ii) follows from Propositions 7.2 and 7.4.

As a corollary we get
Tueorem 7.7. If #(S.)— G, 0<| G| <1, then G =| G| &,.

Proor. If G is not concentrated in the origin, then by Proposition 4.1 we
have a,../a. — 1. Hence by Theorem 7.6 (with b, = 0) we have L slowly varying.
Let B8 be such that

Gl <p <[ G|.

By Theorem 7.6 there exist a, . », such that (2., Xi/a,)— B8,. Since the
normalizing constants a, make more mass go to zero than the constants a,, we
must have a./a,— 0; on the other hand, a, also allow more mass to escape to
infinity than a,, hence a./a,—> =, which is a contradiction. It follows that
G = G|l8.
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